In this paper, we propose a variational-fixed point iteration technique for the solution of second order linear differential equations with two-point boundary value problems. The proposed method is endowed with the Galerkin method for the determination of the starting function. The numerical results show the validity and efficiency of the proposed method in comparison withthe exact solution and other existing methods.
INTRODUCTION
In the rapid development and growth of the sciences, problems mostly occur as linear and nonlinear differential equations. Many scientists are involved in the attempt to come out with methods with better approximations to the solutions of the given problems that are close to analytic solution (Araghi F. M. A., 2011) . Many methods have been developed and others are still being developed. Some of these developed methods have their own limitations which have to undergo changes either to shed more light on their behavior or improve on their accuracy (Araghi F. M. A., 2011; He J. H., 2012; Kilicman A.,Wadai M., 2016) . Few, among many methods developed, are the variational iteration method, the fixed point iteration method and so on. These methods have been proved by many authors to be one of the mathematical tools for solving linear and nonlinear differential equations (Araghi F. M. A., 2011; Lu J., 2007) . Researchers have shown that the variational iteration method is flexible with good convergence property (He J. H.,2000) . However, the success of the method depends on the careful choice of the starting function which is usually done by guessing (Daniel T., et al., 2012; Wu G. C., 2013; Kilicman A.,Wadai M., 2016; Lu J., 2007 . In this study, we propose a Variational-Fixed Point Iterative technique where the starting function is determined by the use of the Galerkin approximation. The presentation of this article is as follows: In Section 2 we present the methodology, Section 3 deals with the numerical results and finally discussion and conclusion are given in the last section.
METHODOLOGY
The variational iteration method can be illustrated by considering differential equation LU +NU = g(s), where L and N are linear and nonlinear operator respectively while g(s) is a forcing term. According to variational iteration method, a correctional functional can be constructed as follows:
[1] where λ is a Lagrange multiplier, which can be identified optimally via variational theory, (He J. H., 2000; He J. H., 2007; Lu J., 2007; Noor M. A. & Mohyuddin S.T., 2008) , the subscripts denotes the nth iteration (He J.H., 2008; He J.H., 2006) , un is considered as a restricted variation. i.e dUn= 0, also a simple formula has been developed where λ can easily be identified as
[2] to achieve convergence of result (Wu G. C., 2013) . In order to overcome the difficulty of choosing the starting function ( ) at n = 0 we employ the use of Galerkin method so as to have better choice of initial value to enhance convergence, which is illustrated as follows:
which is called the basis function where C1,C2, . . . ,Cn are constants to be determined using the Galerkin process (Gerald F. C., 2004) . After single iteration of variational iteration method we obtain 1 ( ) which becomes the starting value of the fixed point iterative method; it is simple and easy to manipulate so that the process will be repeated until convergence occurs or the iteration is terminated, and thus
NUMERICAL EXPERIMENTS
Three experiments are considered to demonstrate our method.
Experiment 1.
Consider ′′ − = −2 2 ,0 ≤ ≤ 1 [4] subject to the boundary conditions (0) = 0, (1) = 6.
[5] The analytic solution is given by ( ) = 0.626070571 − 0.626070571 − + 2 2 + 4.
[6] We apply the Galerkin Method to solve the problem. Let
After differentiating eq (7) twice and then substitute in eq (4) we get
be the residual. Then apply the Galerkin processes as follow .
[10] Substitute eq(10) into eq(7) to get ( ) = ( [11] By evaluating eq(11) at x = 0.5 we obtain (0.5) = 2.727272727 .
[12]
Now we will apply Variational Iteration Method as follows. Let us construct correctional functional
[13] Let us assume our initial guess 0 = + .
[14]
We differentiate eq (14) twice and substitute into eq(13) at n =0, = (s − x) to get
By imposing the boundary conditions in eq (15), we obtain A = 14/3,B = 0. Substitute these values back in eq(15) to get
Then we evaluate eq(16) where x = 0.5 to get 1 (0.5) = 2.562500000.
[17]
Now we apply the variational-fixed point iteration technique as follows, that is, we use the Galerkin method as our starting values. Let
where C1 and C2 are constants to be determine using the Galerkin Method. After differentiating eq(18) twice and then substitute into eq (4) [20]
We now apply the variational iteration method using eq (20 ) as a starting value which we will then eventually obtain then we evaluate eq(21) at x = 0.5 to get 1 (0.5) = 2.732954545.
[22]
We then apply the new method by using t1(x) as starting value as follows. Let
At n = 0 we have
[24] where
Substitute eq (25) into eq (24) [29] then we evaluate 7 at x = 0.5 to get
Experiment 2. Consider the problem ′′ − = −2 ; 0 ≤ ≤ 1 [31] subject to the boundary conditions (0) = 0, (1) = 3.
[32]
The analytic solution is given by
We apply the Galerkin method to solve the problem. Let
after differentiating eq(34) twice and then substitute in eq (31) we get
[35] and let
be the residual. Then by applying Galerkin processes as follow [37] Substitute eq(37) into eq(34) to get ( ) = ( 1350 473 ) − (8/473) + (7/43) 3 .
[38]
Then we evaluate eq(38) at x = 0.5 to get (0.5) = 1.443181818.
[39]
[40]
Let assume our initial guess
we differentiate eq(41) twice and substitute to eq (40) when n = 0, = (s − x) to get
Imposing the boundary conditions in eq(42), we obtain A =8/3,B = 0. Substitute these values back in eq(42) to get
[43]
Then we evaluate eq(43) where x = 0.5 to get 1 (0.5) = 1.375000000.
[44]
Now we apply the variational fixed point iteration method as follows. We use the Galerkin method as our starting values instead of guessing as follows. Let
where C1 and C2 are constants to be determine using Galerkin Method. After differentiating eq (45) twice and then substitute in eq (31) [48] We evaluate eq(48) at x = 0.5 to get 1 (0.5) = 1.441761363.
[49]
[50] At n = 0 we have
[51] where 0 ( ) = 1 ( ).
[52] Substitute eq(52) into eq(51) to get We integrate eq(53) twice successively to get We repeat the process successively up to 3rd iteration to obtain [59] The analytic solution is given by ( ) = 1.745930121 − 1.745930121 + 4 + 2 2 .
[60] We apply the Galerkin method to solve the problem. Let ( ) = 3 + 1 ( − 2 ) + 2 ( − 3 ).
[61]
After differentiating eq(61) twice and substituting into eq(58) we get [65] Then evaluate eq(65) at x = 0.5 to get (0.5) = 1.368852458
[66]
Now, we apply the Variational Iteration Method as follows. We construct the correctional functional as
[67] Assume our initial guess to be
By differentiating eq(68) twice and substituting into eq(67) atn = 0, = (s − x) we get
Imposing the boundary conditions in eq (69), we obtain A =8/3,B = 0. Substitute these values back in eq(69) to get 1 ( ) = ( Now, we apply the variational-fixed point iteration technique as follows. By using the Galerkin Method as our starting value, let
where C1 and C2 are constants to be determined using the Galerkin method. After differentiating eq(72) twice and then substitute into eq (58) Then evaluating eq(75) at x = 0.5 we get 1 (0.5) = 1.378073769.
[76]
We then apply the new method by using 1 ( )as starting value as follows. Let ′′ +1 = ′ − 2 , = 0,1,2, …
At n = 0 e have
where
We differentiate eq(79) once and substitute it into eq [78] to get ) .
[82]
We repeat the process successively up to 11th iteration to obtain 11 ( ) = − ( ) .
[83] Then we evaluate y11 at x = 0.5 to get
RESULTS AND DISCUSSION
The results obtained from the experiments are tabulated with graphs as shown below. In the numerical experiments, accuracy, speed and the convergence of the method are of great importance. Accuracy measures the degree of closeness of the numerical solution of the theoretical solution while convergence is to measure the closeness of approach of successive iteration to the exact solution as the number of iteration increases. Table 1, Table 2 and Table 3 showed the exact solution, the Galerkin method, the variational iteration method and the variational-fixed point iterative technique. These are compared and it is clear that the variationalfixed point iterative technique converges to the exact solution nicely, which indicate high convergence rate.
Note: ye(x) is the exact solution, yg(x) is the Galerkin method and yv(x) is the variational iteration method yn(x) is the new method; Table I shows the comparison with the Galerkin method, variational iteration method as well as variational-fixed point iteration technique. It is to be noted that only at the 5 th iteration result was used in evaluating the approximate solution which converges sharply to the exact solution. Table 2 shows the exact solution, the Galerkin method, variational iteration method and the variational-fixed point iteration method. It is to be noted that only 3 rd iteration result was used which indicates a high order of convergence to the exact solution when compared. Table 3 shows the exact solution, the Galerkin method, variational iteration method and the variational-fixed point iteration technique. It is also noted that only 11 th iteration result was used in evaluating the approximate solution, which indicates a super convergence when compared with the exact solution.
CONCLUSION
From the experiments above, as the iteration increases, the error decreases and the rate of convergence of the proposed method increases, and it is also observed that the variational-fixed point iterative technique converges sharply to the exact solution which leads to super convergence. We conclude that the variational-fixed point iterative technique is a very strong and efficient technique for finding the approximate solution of second order linear boundary value problems because it has been proved to have an upper hand over the existing method. Thus we can conclude that the convergence of present method is faster than those in the literature. 
